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ABSTRACT. Soft set theory has a rich potential for applications in
several directions. In this paper, we introduce soft I'-rings, soft ideals, and
idealistic soft I'-rings. We study some of their basic properties and give
several illustrative examples.
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1. INTRODUCTION

Most of the problems in economics, engineering and environment have various
uncertainties. We can not successfully use classical methods because of various
uncertainties typical for those problems. There are several theories, for examples,
theory of fuzzy sets [17], intuitionistic fuzzy sets 2], theory of rough sets [15], i.e.,
which can be considered as mathematical tools for dealing with uncertainties. But all
these theories have their inherent difficulties as what were pointed out by Molodtsov
n [1I]. In 1999, Molodtsov introduced the concept of a soft set [II]. The concept
of soft set is a mathematical tool for dealing with uncertainty. At present, works on
the soft theory are progressing rapidly. Maji et al. [10] described the application
of soft set theory to a decision making problem. Maji et al. [9] also studied several
operations on the theory of soft sets. The most appropriate theory for dealing with
uncertainties is the theory of fuzzy sets developed by Zadeh [17].

The algebraic structure of soft set theories has been studied increasingly in recent
years. Aktag and Cagman [1] investigated basic properties of soft sets to the related
concepts of fuzzy sets and rough sets. They gave a definition of soft groups and
derived their basic properties. Jun et al. [7] defined soft rings, soft ideals on soft rings
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and idealistic soft rings. Besides, Jun [5] introduced the notion of soft BCK/BCI-
algebras and soft subalgebras. Jun and Park [8] dealt with the algebraic structure
of BCK/BCl-algebras by applying soft set theory. Park et al. [14] introduced the
notion of soft WS-algebras and then derived their basic properties. Feng et al. [4]
initiated the study of soft semirings by using the soft set theory and investigated
several related properties. Sun et al. [16] introduced a basic version of soft module
theory, which extends the notion of a module by including some algebraic structures
in soft sets.

In [12], N. Nobusawa introduced the notion of a I'-ring, as more general than ring.
W. E. Barnes [3] weakened slightly the conditions in the definition of the I'-ring in
the sense of Nobusawa. After these two papers are published, many mathematicians
made good works on I'-ring in the sense of Barnes and Nobusawa, which are parallel
to the results in the ring theory. In [6], Jun and Lee introduced concept of fuzzy
I-ring. After this study, many mathematicians made works in this subject. Oztiirk
et al. [13] discussed the fuzzy ideals in T-rings.

In this paper, we introduced the soft I'-ring, soft ideal, idealistic soft I'-ring and
we study some of their basic properties and gave several examples.

2. PRELIMINARIES

In this section we give some definitions and properties regarding soft sets |7, 9, [11]
and T-rings [3].

Definition 2.1. [I1] Let U be an initial universe set and F be a set of parameters.
Let A C E. A pair (F, A) is called a soft set over U, where F' is a mapping given by

F:A— o)

In other words, a soft set over U is a parameterized family of subsets of the
universe U. For € € A, ) (¢) may be considered as the set of e-approximate elements
of the soft set (F, A). Clearly, a soft set is not a set. For illustration, Molodtsov
considered several examples in [I1] . These examples were also discussed in [9] and

-

Definition 2.2. [9] Let (n, A) and (v, B) be two soft sets over a common universe
U. The intersection of (n, A) and (v, B) is defined to be the soft set (v, C') satisfying
the following conditions:

(i)C=ANBSB,

(ii) Ve € C,v (e) = n(e) or 7 (e),(as both are same set). In this case, we write
(77’ A) n (’77 B) = (Vv C)

In contrast with the above definition of soft set intersections, we alternatively
define and use the following binary operation, called bi-intersection of two soft sets.

Definition 2.3. The bi-intersection of two soft sets (o, A) and (3, B) over a common
universe U is defined to be the soft set (v, C), where C = AN B and

v :C — p(U) is mapping given by v(z) = a(z) N B(x) for all x € C. This is
denoted by (a, A)11(8,B) = (v,C).
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Definition 2.4. [9] Let (n, A) and (v, B) be two soft sets over a common universe
U. The union of (n, A) and (v, B) is defined to be the soft set (v, C') satisfying the
following conditions:

(i) C=AUB,

(ii) for all e € C,

n (e) ifee AN B,

vie)=< v(e) ifee B\ A,
n(e)Uvy(e) ifeec ANB.

In this case, we write (1, 4) U (v,B) = (v,C).
As a generalization of the union of two soft sets, we define the union of a nonempty
family of soft sets in the following way.

Definition 2.5. [7] Let (a4, A;),.; be a nonempty family of soft sets over a common
universe U. Then the union of these soft sets is defined to be the soft set (3, B)
satisfying the following conditions:
(i) B = U;erA;, (it) for all e € B,
F;(e) e€di— U {4;]jel~{i}}
— J
Ble) = U F;(e) e€ N A, for all finite Iy C I
i€lo i€l

In this case, we write ‘GI (o, A;) = (6, B).
1€

Definition 2.6. [7] Let (ay, A;);c; be soft sets over a common universe U. Then
the intersection of these soft sets is defined to be the soft set (3,C) satisfying the
following conditions:

(i) C = NserA,

(ii) For all e € C, there exits an ig € I such that 3 (e) = a;, (e). In this case, we
write Z_QI (i, A) = (B8,C).

Definition 2.7. [9] If (n, A) and (v, B) be two soft sets over a common universe U,
then “ (n, A) AND (v, B) ” denoted by (n, A) A (v, B) is defined by
(n, A) A (v,B) = (v, A x B), where v (a,b) =n(a) N (b) for all (a,b) € A x B.

Definition 2.8. [9] If (n, A) and (v, B) be two soft sets over a common universe U,
then “ (n, A) OR (v, B) ” denoted by (1, A) v (v, B) is defined by
(n, A) v (v, B) = (v, A X B), where v (a,b) = n(a) U~y (b) for all (a,b) € A x B.

Definition 2.9. [7] Let (o, Ai);¢;

1) (8,B) = A (a;,A;) is a sof h that B = [JA = Nale
(1) (8, B) ié\j (i, A;) is a soft set such that g ; and [ (e) ZQlozl(ez)

be soft sets over a common universe U. Then,

for all e = (e;),c; € B.

(2) (8,C) = i\€/1 (i, A;) s a soft set such that C = l;llAi and 3 (e) = Z_glozi (e;)

for all e = (e;),.; € C.
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Definition 2.10. [9] For two soft sets (n, A) and (v, B) over a common universe U,
we say that (n, A) is a soft subset of (v, B), denoted by (1, A) c (v, B), if it satisfies:
(i) A C B,
(ii) For every e € A, n(e) and + (e) are identical approximations.

Definition 2.11. [7] Let (F, A) be a soft set over R. Then (F, A) is called a soft
ring over R if F'(z) is a subring of R for all z € A.

Definition 2.12. [3] If M = {a,b,¢,...} and T = {, 3,7, ...} are additive abelian
groups and for all a,b,c € M and all o, 3 € T, the following conditions are satisfied
(i) aab € M,
(i) (a4 b) ac = aac + bac, a (a+ §)b = aab + afb, ac (b + ¢) = aadb + aac,
(iii) (aad) Bec = aa (bBc),
then M is called a I'-ring.

Definition 2.13. [3] Let M be a I'-ring. A subset U of M is a left (right) ideal of
M if U is an additive subgroup of M and

MTU ={aau|a€e M,aeT,ueU} (U'M)

is contained in U. If U is both a left an right ideal, then U is a two-sided ideal, or
simply an ideal of M.

3. SOFT I'-RINGS

In what follows let M be a I'-ring and a nonempty set and R will refer to an
arbitrary ternary relation among an element of M, an element of I' and an element
of M, that is, R is a subset of M x I" x M unless otherwise specified. A set valued
function H : N — (M) can be defined as H(a) = {b € M | R(a,a,b),Va € T'} for
all @ € N. The pair (H, N) is then a soft set over M.

Definition 3.1. Let (H, N) be a soft set over I'-ring M. Then (H, N) is called a
soft I'-ring over M if H(a) is a subI'ring of M, for all « € N C M. This is denoted
by (H,N,T).

Example 3.2. For consider the additively abelian groups

M={[000].[100],[1T0].[01 0]}C(Z)ixsand

=1 Ol

r = , C (Z3)3x1 with addition defined as matrices addition.

0
Let - : M xT'x M — M, (a,a,b) — aab.
Therefore we have that:
(i) aab € M,
(ii) (a + b) ac = aac + bac, a (a+ B) b= aab + afb, aa (b + ¢) = aad + aac,
(iii) (aabd) Bec = ac (bBc), for all a,b,c € M and all o, 5 € T.
Hence M is a I'-ring.
Le¢e N={[0 0 0],[1 1 0]}CMandH:N— p(M)be a set valued
function defined by
H(a)={b€e M | R(a,a,b) < acbe{[0 0 0],[T 1T 0],[0 I 0]} ,VaeTl}
for all a € N.

jes] el Nenl}
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Obviously H([0 0 0])={[0 0 0 |} and
H([1 1 0])={[0 0 0],[T T 0],[0 1 0]}

are subI'-rings of M. Hence (H, N) is a soft I'-ring of M.

Theorem 3.3. If (F, A) and (G, B) are two soft T'-rings over T'-ring M, then
(F, A) A (G, B) is a soft T'-ring over T'-ring M.

Proof. Using Definition 2.7, we have that (F,A) A (G,B) = (H,A x B) where
H (z,y) = F(x) NG (y) for all (z,y) € A x B. Since F (z) and G (y) are subl'-
rings of I'-ring M the intersection F (z) NG (y) is also subI-ring of I'-ring M. Thus
H (z,y) is a subl-ring of D-ring M for all (z,y) € A x B and so (F, A) A (G, B) is a
soft I'-ring over I'-ring M. O

Definition 3.4. Let (F, A) and (G, B) are two soft I'-rings over I'-ring M. The soft
I-ring (G, B) is called a soft subI'-ring of (F, A), if it satisfies:

(i) B C A,

(ii) G (z) is subI'-ring of F (z) for all z € B.

Proposition 3.5. Let (F, A) and (G, A) are two soft T'-rings over T'-ring M.
(i) (F, A) N (G, A) is a soft T-ring over T'-ring M.
(i) If F (x) C G (x) for all x € A, then (F, A) is soft subl'-ring of (G, A).

Proof. (i) Using Definition 2.2, we can write (F, A)er(Gt A) = (H,A), where H (z) =
F (z) or G (z) for all z € A. Since (F, A) and (G, A) are soft T'-rings over I'-ring M,
F(z) and G(x) are subI'-rings of M for all z € A. Thus H(z) is a subI'-ring of M
for all x € A, and so (F, A) N (G,A) = (H, A) is a soft I'-ring over I'-ring M.

(ii) Straightforward. 0

Definition 3.6. Let (F;, A;);c; be soft I'-rings over a common I'-ring M. Then the
intersection of these soft I'-rings is defined to be the soft I'-ring (G, B) satisfying the
following conditions:

(1) B = Nierds,

(2) For all e € B, there exits an ig € I such that G (e) = F;, (e). In this case, we
write iQI (Fz, Az) = (C;’7 B)

Definition 3.7. Let (F}, A;),.; be soft I'-rings over a common I'-ring M. Then,
(1) (G,B) = _/;\I (F;, A;) is a soft T-ring such that
B= HAi and G (e) = zQIF, (e7) for all e = (e;),c; € B.

icl
(2) (G,C) = ‘\N/I (F;, A;) is a soft T'-ring such that
1€
C= HAZ- and G (e) = ingi (e;) for all e = (e;);c; € C.
iel

Theorem 3.8. Let (F,A) be a soft set over T'-ring M. If {(F;,A;)|i€1} is a
nonempty family of soft subl'-rings of (F, A) where I is an index set, then,
(1) QI (F;, A;) is a soft subl'-ring of (F, A),
3
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(2) A (Fy, A;) is a soft subl-ring of (F, A),

7,6

(3) V (F;, A;) is a soft subl'-ring of (F, A), where A;NA; =@ for alli,jel.

i€l
Proof. (1) Using Definition 3.6/ and since (Fj;, A;) soft subI'-rings of (F, A) for all
i€l wehave G: B — (M) by G(x) = F;(x) for all z € B = ‘ﬂIAi C A and
1€

i € I . In this case, F; (x) is a subI’-ring of T-ring M for all x € B and ¢ € I and so
ﬂIFi () is a subl-ring of I-ring M. Thus, (G, B) is a soft I'-ring over I'-ring M.
1€
Hence, (G, B) = _QI (F;, A;) is a soft subI'-ring of (F, A) by Definition [3.6.

The proofs of (2) and (3) can be written similarly. O

Definition 3.9. Let (F, N) be a soft I'-ring over I'-ring M. A soft set (G,U) over

I-ring M is called a soft left(right) ideal of (F, N), denoted by (G,U) 4r (F,N), if
it satisfies:

(i) UCN,

(ii) F () T'G (z) is contained in G (x) for all x € U. (G (x)T'F (z))

Example 3.10. For consider the additively abelian groups

M={[000].[100],[110],[01 0]}C(Z)ixsand

r = C (Z3)3x1 with addition defined as matrices addition.

Ol O
[enliy | OI'—'

Let - : M xI'x M — M, (a,a,b) — aab.

We know that M is a I'-ring.

Lete N={[0 0 0],[1T 1 0]}CcMandF:N— p(M)be a set valued
function defined by
F(a)={be M | R(a,o,b) & acbe{[0 0 0],[1 T 0],[0 1 0]},Vael}
for all a € V.

We know that, (F, N) 1sasoftfr1ng of M from Example 3.2,

Let U={[0 0 0],[1T 1 0]}<SNandG:U — p(N) be a set valued
function defined by
={beN|R(a,a,b) s anbe {[0 0 (_)]} Voo €T} foralla e U.
Obviously G([ 0 0 0 ])=N,G([ 1 0 ]) = N. Therefore we have that:

(‘)UCN

F([ 0 0)FG([0 0 01]),G([0 0 0 )rF([0 0 0 ]) are con-
talnedlnG([G 0 0])=N and
F([1 1 0PrG([1 1 0]),G([1 1 0])rF([1 1 0 ])arecontained
inG([1 1 0])=N.

Hence soft set (G, U) over I'-ring M is a soft ideal of (F, N), denoted by (G, U) 4r
(F,N).

Theorem 3.11. Let (F,A) be a soft T'-ring over I'-ring M. For any soft sets
(G1,U1) and (Ga,Us) over I'-ring M where Uy N U # &, we have,

(G1,Uh) ar (F, A),(G2,U3) ar (F, A) = (G, Uy) N (G2,Us) r (F,A).

Proof. Using Definition 2.2 we can write (G, Uy) N (G2,Us) = (G,U), where
76
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U=U;NU; and G(z) = Gy (z) or G (z) for all x € U. Obviously, U C A
and G : U — p (M) is a mapping. Hence (G,U) is a soft set over I'-ring M. Since
(G1,U7) 4r (F, A) and (G2, Us) dr (F, A), we know that G () = G1 () is ideal of
F () or G(z) = Go (z) is ideal of F (x) for all x € U.

Hence (G1,Uq) N (G2, U2) = (G,U) dr (F, A). This completes the proof. O

Theorem 3.12. Let (F, A) be a soft T-ring over T'-ring M. For any soft sets (G, I)
and (H,J) over T'-ring M in which I and J are disjoint, we have

(G, I) <ar (F,A),(H,J) <r (F,A) = (G, 1)U (H,J) <r (F, A).

Proof. Assume that (G, I) r (F,A) and (H,J) 4r (F, A). By means of Definition
2.4, we can write (G, 1) U (H,J) = (3,U) where U = I U J and for every = € U,

G (z) ifeel~J,
S(z) =4 H(z) ifee NI,
Gx)UH (z) itxelnd

Since INJ = &, either x € INJorx e JNIforallz e U. Ifx € I~ J,
then S (z) = G (z) is ideal of F (z) since (G,I) < (F,A). If 2 € J~ I, then
S (x) = H () is ideal of F' (z) since (H, J) < (F,A). Thus S (x)is ideal of F (z) for
all z € U, and so (G, 1)U (H,J) = (S,U) <r (F, A). O

If I and J are not disjoint in Theorem [3.12, then Theorem [3.12] is not true in
general.
Theorem 3.13. Let (F, A) be a soft T'-ring over I'-ring M. If {(F;,1;)|j € J} is
a nonempty family of soft ideals of (F, A), where J is an index set, then,
(1) N (F,1;) <r (F,A),
=
2) A (Fj ;) <r (F, A),
JjeJ

~

(3) '\e/J (Fj,1;) <r (F, A), where I; NI, = {0} for all j,k e 1.
J
Proof. (1) Using Definition 2.6 and (F}, I;) are soft ideals of (F, A) for all j € J, we
have H:C — p (M) by H (z) = F; (z) forallz € C = 'QJIj C A and forall j € J.
j
In this case, (H,C) is a soft set over I'-ring M and also Fj (x) is ideal of F' (x) for
all z € C and for all j € J and so n‘] (Fj,I;) is ideal of F' (z) for all € C. Thus
JE
N (F;.1;) = (H,0) < (F, A) by Definition 3.9.
j

Using Definition [3.7(1) and Definition [3.7(2), the proofs of (2) and (3) can be
written similarly. O

4. IDEALISTIC SOFT I'-RINGS

Definition 4.1. Let (F, A) be a soft I-ring over I'-ring M. Then (F, A) is called
idealistic soft I'-ring over I'-ring M if F'(z) is an ideal of I-ring M for all z € A.
7
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Since every ideal of a I'-ring is a subl-ring, we know that every idealistic soft
I-ring over a I'-ring M is a soft I'-ring over I'-ring M but the converse is not true
in general.

Proposition 4.2. Let (F, A) and (F, B) be soft sets over I'-ring M where B C A C
M. If (F, A) is an idealistic soft I'-ring over I'-ring M then so is (F, B).

Proof. Straightforward. O

The converse of Proposition 4.2 is not true in general.

Theorem 4.3. Let (F, A) and (G, B) be two idealistic soft T'-rings over T'-ring M.
If AN B # @, then the intersection (F, A) N (G, B) is an idealistic soft T'-ring over
I'-ring M.

Proof. Using Definition 2.2, we can write (F, A)FNW (G,B) = (H,C), where C = ANB
and H () = F (z) or G (z) for all x € C. Note that H : C' — p (M) is a mapping,
and therefore (H,C) is a soft set over I'-ring M. Since (F,A) and (G, B) be two

idealistic soft I-rings over I'-ring M it follows that H (z) = F (z) is an ideal of
P-ring M or H (x) = G (z) is an ideal of T-ring M for all € C. Hence (H,C) =
(F,A) N (G, B) is an idealistic soft I'-ring over I'-ring M. O
Theorem 4.4. Let (F, A) and (G, B) be two idealistic soft T'-rings over T'-ring M.
If A and B are disjoint, then the union (F,A) U (G, B) is an idealistic soft T'-ring
over I'-ring M.
Proof. Using Definition 2.4, we can write (F, A)Lj (G,B) = (H,C), where C = AUB
and for every e € C,
F(e) ifee AN B,
H(e)=1 G(e) ifee B\ A,
F(e)UG(e) ifeec ANB.
Since AN B # &, either z € AN Borx € BNAforallz € C. If t € A\ B,
then H (z) = F (z) is an ideal of T'-ring M since (F, A) is an idealistic soft I-ring
over I'-ring M. If x € B\ A, then H (z) = G (z) is an ideal of I'-ring M since
(G, B) is an idealistic soft T-ring over I'-ring M. Hence (H,C) = (F, A) U (G,B) is
an idealistic soft I'-ring over I'-ring M. O
If A and B are not disjoint in Theorem 4.4, then Theorem 4.4 is not true in
general.

Theorem 4.5. If (F,A) and (G, B) be two idealistic soft I'-rings over I'-ring M
then (F, A) A (G, B) is an idealistic soft I'-ring over I'-ring M.
Proof. By means of Definition 2.7, we know that

(F,A)A(G,B) = (H,Ax B),
where H (z,y) = F (z) N G (y) for all (z,y) € A x B. Since F (z) and G (y) are
ideals of I'-ring M the intersection F' (z) NG (y) is also an ideal of I'-ring M for all
(x,y) € Ax B, and therefore (F, A) A (G,B) = (H, A x B) is an idealistic soft I-ring

over I'-ring M. 0
78



M. A. Oztiirk et al./Annals of Fuzzy Mathematics and Informatics 1 (2011), No. 1, 71-80

Definition 4.6. An idealistic soft I'-ring (F, A) over I'-ring M is said to be trivial
(resp., whole) if F' (z) = {0} (resp.,F (x) = M) for all z € A.

Lemma 4.7. Let f : M — N be an epimorphism of T'-rings. If (F, A) is an idealistic
soft T'-ring over T'-ring M then (f (z),A) is an idealistic soft I'-ring over I'-ring N.

Proof. For every x € A, we have f (F) (z) = f (F (z)) is an ideal of I'-ring N since
F (x) is an ideal of I'-ring M and its onto homomorphic image is also an ideal of
I-ring N. Hence (f (z), A) is an idealistic soft I'-ring over I'-ring N. O

Theorem 4.8. Let f: M — N be an epimorphism of T'-rings and let (F, A) be an
idealistic soft T'-ring over I'-ring M.

(i) If F (x) = ker (f) for all x € A, then (f (F),A) is the trivial idealistic soft
T'-ring over I'-ring N.

(ii) If (F,A) is whole, then (f (F),A) is the whole idealistic soft T-ring over
I'-ring N.

Proof. (i) Assume that F'(z) = ker (f) for all z € A. Then f (F) (z) = f(F (z)) =
{On} for 2 € A. Hence (f (F),A) is the trivial idealistic soft I'-ring over I'-ring N
by Lemma 4.7 and Definition 4.6.

(ii) Suppose that (F,A) is whole. Then F (z) = M for all z € A, and so
f(F)(z) = f(F(x)) = f(M) = N for all z € A. It follows Lemma 4.7 and
Definition [4.6] that (f (F'), A) is the whole idealistic soft I-ring over I'-ring N. O

Definition 4.9. Let (F, A) and (G, B) be two soft I'-rings over rings M and N,
respectively. Let f: M — N and g : A — B be two functions. Then the pair (f,g)
is called a soft I'-ring homomorphism if it satisfies the following conditions:

(i) f is an onto ring homomorphism,

(ii) g is onto,

(iii) f (F (z)) = G (g (x)) for all Vo € A.

If there exists a soft I'-ring homomorphism between (F, A) and (G, B), we say
that (F, A) is soft homomorphic to (G, B), and is denoted by (F,A) ~r (G, B).
Moreover, if f is an isomorphism and (F, A) is soft isomorphic to (G, B), which is
denoted by (F, A) ~r (G, B).
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